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Learning Goals:

o [ can use the first and second derivative tests to determine local extreme values of a fiunction.
o [ can determine the concavity of a function and locate points of inflection by analyzing the second derivative.

Directions: Below are passages from a textbook (not our text book) about relating the graphs
f. /', and /", along with questions and practice problems. Work through the following problems in
your group, asking for help when necessary!

* Note: The<d in the text are placed where it is suggested that you “check this fact yourself” — meaning it is
a good place to stop and assess if you understand what you are reading!!

The Geometry of Derivatives

The geometric velationship between a function f and its derivative f' is easy to
stale:

For any input a, f'(a) is the slope of the line tangent to the f-praph ot

X =a. .

This statement—innocuous as it appears—is one of the most important in this book.

The next lwo sections (and much of this book) explore its meaning and implica-
tions.

Graphs of fand f: An Extended Example

Graphs of a function f and its derivative f7 follow. (For the moment, no formulas
are given—or needed. We'll return to these functions symbolically at the end of the
next section.) € Three interesting points are labeled on each, <

Graph of f Craph of

Vi [

Based on our prior learning, why are the points labeled on each graph “interesting”? How are the poinis A
and C related to A" and C'? We will learn about the relationship between B and B' in this packet . . .
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The frgraphiellshiow slopes of tangent livesto the fgraph beliave. AL 4,
lor instance, the j'—gl';tl.lll seems B Lo have a SIUPB around —6; for this reason, the
/"-graph has height —6 at B’

First let’s observe several straightforward geometric relationships between the
two graphs, intraducing some useful new terminology in the process.

Why does the graph of f'have a height of —6when the graph of f has a tangent line with a slope of —6?
£ s Al 5[05:4 o 1w T.Lo5 4o £ - so all 1ty - valine <,
For €7 cre g!o'gzs of €.

The Sign of f* The graph of f rises to the lell of A, falls between A and
C, and rises again to the right of C. Thessignvof PG ells whethier the
line tangent to the. f=graph at x pointsuprordowna At A" and ¢’ »
changes sign. Thus, at A and C, f itself changes direction.

Why does f change directions when ['changes sign? Explain in terms of the meaning of a derivative.
T+ te slope of +h+ Tit: 15 pos™ ve, £ 75 e, 445 g
£ fla 5:‘;?/7( ot Tl T.¢, ;s :‘l-rf;ja\?‘r'u»(. ) -~ s
&bfﬂ'é .Sawcs_

Stationary, Maximum, and Minimuam Points The points A and C, with ap-
proximate coordinates (—1.1,4) and (1.8, —8),» where the fsgraphuise
howizong|, are obviously of interest. They mark, respectively, highand-low
poinksofthegriph. The situation looks clear, but to avoid later confusion,
it will pay to be extremely picky with language here—especially about the
distinction between inputs to [ (ecalled points) and outputs from f (called
values).

Here, in full detuil, is the situation at A &~ (—1.1,4). The omain
point x = —1.1 is called a local maximum point of f; the corresponding
output—sfd=dul)rag==igrgalied 4 local maximany value of f. At C»
the situation is similar; x = 1.8 is a local minimum point of f, and
f{1.8) =~ —8 is the correspoiding local minimum value of f. The

wecoardinmtes of hoth A and € aredillod stationary points ol f. < (W,
say local rather than global becanse elsewhere in its domain J mnay assume
larger or smaller values.) The corresponding points A’ and €' oceur where
the f'-graph crosses the x-axis (i.c., at roots of f*).

What is the difference between a local minimum point and a local minimum value? Why do you think the
author makes a point of being “picky” with the vocabulary?

/ﬁvfur ::_/, XK—uva [ tnt
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Concavity and Inflection  The point B, ncar x = 0.3, is an inflection point

ol f: At B, the j-graph's direction of coneavily changes, from con-

cave down to concave up. <« The point B has another special geometric

property: Adeliythesgraphoof f poiits most stooply downwigl.

The corresponding point on the S-graph, B’, is easier to sec; it's a

local minimum point. Later we'll use this property and some algebra to

find the exact location of B. <
One informal way to explain concavity is to think of concave up as where the graph “holds water” and
concave down as where the graph “spills water”. Give a definition of concave up and concave down in
your own words.

Corcave “p =0 T l. amdis S 5/;.//'\
Concave Horian => T.L. W 77’\.96’&;’,4

What £ Says about /

[nterpreting the derivative function f” in terms of the slopes of tangent lines on
the f-graph has many important geometric implications. We summarize several
below.

Increasing or Decreasing?

A function finereases wherevits'grapherises 4 and decreases where its graph
falls: The following definition captures these natural ideas in analytic language.

Definition:  Let / denote the interval (a,b).

A function is increasing on / if f(x,)< f(x,) whenevera<x, <x, <b
A function is decreasing on /if f(x,)> f(x,) whenever a<x, <x, <b

Explain what a < x, < x, < bmeans.

Ky is less thee X, ] botn &vt beTWel O ¢ b

Explain what f(x)< f(x,)and f(x)> f(x,)means.
7 of L ot Xl','é lee & e~ ¥ of £ at XGJ

-

b4 ot £ ot x, s 3##&“.‘"/ Fhewm oF £ ot X

In your own words, what does it mean for a graph to be increasing? For a graph to be decreasing?
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| Facl If gidalemnOdorall o in . then [ increaseson . I f(x) =0
dor all x in /, then f decreases on /.

This fact certainly sounds reasonable. To say that f“¢r)s"0'teans that the tangent

line-torthe-f-graph.at.x points.upward, With any luck, so should the f -graph itself.

Behavior at a Point. Functions are often said to increase or decrease at a point.
To say, for example, that f increases at x = 3 means that f increases on some
interval—perhaps a small one-—containing x = 3. Now we can restate the preceding
fact » as follows:

Fact If Fray =0 then frisinereasing at ¥ =a. If f'(a) <0, then f
| is decreasing at x = a.

At x = 1, for instance, f'(1) < 0. The Fact says—and the picture agrees—that at
x =1 the f-graph is deereasing,
The converse of the above fact is as follows

Fact Lf £ increases at x = a, then f'(a) = 0; il f decrcases at x = a,
then f'(a) < 0.

Explain in your awn words what the previous two “Facts” tell us about the reiat_ion;fup b;tween the graph
of a_function and the graph of the functions derivative.

f-\[‘ "|£ s f"C”‘““"‘"é-)'(” s 630'3-"*"\:6.
T£ a ‘f“_, gﬁ_ﬁt‘uaé.vé )—("55 "T%-ﬂd‘r\u’f.
(A—ma' uir'r.~u'r5—*~>

Finding Maximum and Minimum Points

Geometric intuition says that at a local maximum point or local minimum point, a
mooth graph must be “flat.” »  More succinctly:

Fact On asmooth graph every local maximumn or local minimum point
Ayeis.a slationary point—i.e., amootof f'.

This fact has immense practical value, To find maximum and minimum values of f,
the fact says, we can limit our search to roots of f’. Eaehsuch sootis a'stationary
point and therefore, possibly; amaximum or minimum point (but not a sure thing—a
stationary point may-bevonlya“fatspst” in the graph). »

The next example- --an important one—shows how to sort out all the possibilities.



Lessons 3-1, 3-2, 5-3 Relating the Graphs of Part 2 Key.notebook

Page
5
Explain what the above “Fact” means in terms of finding local maximum/minimum points of graphs using
the calculus we 've learned — how can we find local maximum and minimum points of any function f? How
can we tell if the point is a maximum or minimum?

pandd Solue for X

FENANPLEE 2° The graph of a function f’ appears as follows; the f-graph
is not shown (for now). Three points of interest are bulleted. Where, if anywhere,
docs f have local maximurn or local minimum points? Why?

Grap]'loff"
3 T T T
2 e =
Ao 5157
hery
5 . Mex F"+ .’M!V"

! Il 1 i
-2.1.5 -1 05 0 05 1 15

—— _
Solluti 0in:. . The three bullets on the graph—at x = =1, x =0, and x = 1—
Yepresent roots of ' and therefore correspond to stationary points of f. What type
of stationary point is cach one: a local maximum, a local minimum, or just a flat
SPOt? The key to deciding is to check the sign of f just before and just after each
sll"“““llt“\' poinl. We take each root ol f"in tum.

AFR="20 just before (i.e., to the left of) x = —1, f'(x) > 0. Therefore (by

an carlier Fact), f increases until x = —1. Just after x = —1, f'(x) <0,
so f decreases immediately after x = —1. This means that f has adleeal
LT at x = — 1.

A=y Consider values of x near x = 1. The graph shows that if x < 1,
f'ix) < 0;if x > 1, f'(x) > 0. Thus, reasoning as above, f decreases
before x = 1 and increases after x = 1. This means that f has aulecal
minmuT et x = 1.

Mawr=0 This time the graph shows that f'(x) < 0 on both sides of x = (.
Thos, f must decrease before and after x = 0, so x = 0 is neither.a
waximurn nor a mininm point, but just a1 flat spot in the f-graph,

Note above the explanation for why f does NOT have a local max/min at x = 0!! This is more in depth

than we discussed in the previous investigation. Be sure to understand what is happening to the graph of
fatx=0. OVER =
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[ere, at last, is a possible f-graph. It agrees with everything we said.

Graph of f
2r 1 == | T T
15}
1F FYaS |
05} /.\(A r\* "f.‘r
0 .
~05 | \/ =
-1 PN
-15}
o L= i L 1 1
15 -1 05 0 05 1 10

J et’s summarize what we know about stationary points.

Facl (RisstuDerivative FestiuSuppose that ) =0,y

minimium pnint.

maximurn point,

Practice:

“flat spots” of f(x) 10

Flt spet at X =-3 (aec{dec)

If f'(x) <0 for x < xpand f'(x) > 0 for x > xo, then xg is a local

If f'(x) > 0 for x < xg and f'(x) < 0 for x > xo, then xp is a local

Page 6

Given the below graph of f'(x), find all the local maximum points, minimum points, and

L,OC%' VWA DAL Ay paaney 4: JT—-
ot w=-1 (d.l&/r"-no\ U . 2 "/“_) |
-k I;'é 3
LOC&\{ A LA e (‘ ) m i \‘7'}
ot X =1 inC [dee -
' t f'(x)

Check your answer with The Heinl before you move on to the next page!!
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Concave Up or Concave Down?
So far we've described concavity and inflection points informally, in graphical lan-
guage. Here's a more formal, analytic definition: .
Definition:  The graph of f'is.coneave up.at x = a if the derivative function fisiinereasing atx = a.

The graph of fisconeavedown at x = ¢ if flisdecreasingat x = a.
Any point at which a graph’s direction of coneavity:.changes is called an inflection point.

Finding Inflection Points from the Graph of f'

The direction of concavity of the graph of £ depends, as the definitions show, on
whether /7 increases or decreases. An inflectionipointoceurs wherever [ changes
direction—i.e., whercver f* has a local minimum or a local maximurn. v

Example: We know that the derivative of the sine function is the cosine function. That is, if
f(x)=sinx, then f'(x)=cosx. Based on this knowledge, discuss the concavity of the sine

function. Find all inflection points and describe them in derivative language.

Solution: Note the graphs of f(x)=sinxand f'(x) = cos xbelow.

O T
Gruph of flx) = sinx

I‘HP 5&} srvutT 02

Notice:

Stationary Points f has stationacy points (a local »  maximum point apd a
Jocal ‘minimum point) x = /2 and at ¥ = 3w /2—exactly the roots of f”.
Inereasing or Decreasing? [ increases on the intervals (0, 7/2) and

(37/2, 27); on the same intervals, f7 is posilive.

Coneavity [ is concave down on (0, m)--where f’ decrcases---and concave
up on (m, 2r)—where f' increases. In fact, f illustrates every possible
combination of increasing/decreasing and concavity behavior.

(nflection Points / has an inflection point at each multiple of x—precisely
where £/ assumes a Jocal maximum or local minimum. ' ]

Annotate (make notes on) the graphs above that illustrate the stationary points, increasing and decreasing
intervals, concavity, and inflection points. OVER =2
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If f"has a local maximum or minimum, what is the value of f"? 1[\ b
Based on your answer to the above question, how can you find inflection points using the second derivative?

§'e+ _f“ 90\#’ d_!/l"':_h'/.{ nf-'.?f!l'lg’ '-.’_O 2¢—° C?' 90“}(
for x -

What do your inflection points tell you about the graph of f?

W o4 -C C.Cﬂmv‘df—s —FIUV"“ { oCave '-'\tf? fo contave

d oWV
Practice: The graphs of fand /" are reprinted below. They again illustrate the definition of concavity
iven above.
& Graph of f Craph of f
] y

Explain, referencing the labeled points on the above graphs, how the graph of f'illustrate the stationary
points, increasing and decreasing intervals, concavity, and inflection points of the graph of f.
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Fill in the below table based on what you have learned about the first and second derivative:
Conditions on the Description of Graph of
Derivatives f(x)atx=a y=f(x)nearx=a
{ f'(a) is positive S(x) is increasing /
" f"(a) is positive J(x) is concave my_@_“ .
a
. Make a sketch: _—
5 f(a) is positive F)is_1neraasa~y
" f"(a) is negative S isconcey down -
Make a sketch:
3 f(a) is negative f(x)is Creebn
" f"a)is gooit Ve f(x) is concave up ‘f
N SRS
[
4 J@is negatve fyisdecvrasm '
S (@) is necod S(x) is concavel v o —_—
U a

Check your answer with The Heinl before you move on!!
Practice: Sketch a graph of a function f(x) with all the following properties:

a. (2,3), (4,5),and (6,7) are on the graph.
b. f'(6)=0and/'(2)=0 cortev®
c. f"(x)>0forx<4,f"(4)=0, andf"(x) <0 forx>14. U

£ lave QOf Sr
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5 7t 5
6..
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N
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Previously we described the “First Derivative Test”. Use it as a model to write the "Second Derivative
Test”. Check your answer with The Heinl before moving on.

Second Derivahiue Teot ! Swprose _{”w(K y =
7
—TF r{\”(aq)‘./_o Ae x € X, ;_,_Q L YS> O -F::/ X > Xg ;
S Xo i5 pam inflechion paint At chances WP
Contave Qutin o ComCavt M2 .
— Ssme ( wth me?w,f ity Jymwfe squcLuJ)»(\oz Comcove w2 .

2017 Exam: FRQ #3 (No calculator) I
. .
1 NV
Graph of & - L B
,____E.____—-- E."F {a {/
A Derovahve N
meh ; \: TA ‘lq{,.b\x
L :- { | ~V
—EVery s mr“ g70*‘“4 is RIS 4 L 4
5 og a HPN’;&«A*% the glopt)
Ofr!f ot the -J-MSMA-* {meg

The grap@ of g'| consisting of three line segments and a quarter of a circle, is shown above.
(b) Find the instantaneous rate of change of g with respect to x at x = 3, or state that it does not exist.

When the
(c) On what open intervals, if any, is the graph of g cancaveft:_' p? Iusufy your answer. 7 é_:,_ J
bl s

(d) Find all x-values in the interval —5 < x < 5 at which g has a critical lasmfy each crlucai poml aa
the location ofa loc.l] mmlmum a local maximum, or neither. Justify your an Wlh-2A

Nt staie ‘ex )y =0

,4.54~chw~13< é_ oo hs

raﬁhm-l'av(om_b vet < O'*C C"Aév"a,,q. (;.fj at Xx= 3 s .

J'

@,& C g 15 Conlav < b\hf Whhen 8 15 'iﬂcrehs-'ﬂé 8 S

e te mc.r‘{’ms-ﬂa on ~5L XL "X amd 0LxL?,
édf\i—o W EA (*‘S._J.) ornd (03D D)

@ d{ Critical po iats ]"\aﬂ(){n When 6 ‘ex) =
‘txyzo When X = —2 end %=1\, Tkur;«[are 4
-0 ?/\ascr-*um pets ot x=-2 a~d =1
X5 — had neiter o lotal ymerx vor a loCal min oAt
a(.. =7 lofe 6 ooes not cﬂw\ytsz, 55”5 -wae.

1ok

5*-"“\7 \r

e u;" \'.

o ab

ST L& g o loca!l minimem at X=1 becanse § C""‘l,jes
?ru-w~ V\\’\SQ‘HUB ,;,,:;.‘c;,-..;;_,v%.u(_ there.
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